We solve the worldsheet theory describing the near-horizon dynamics of a D-string in the presence of a very large number N of D5-branes. The model is pre-geometric in the sense that the near-horizon worldsheet Lagrangian does not have dynamical fields associated with the dimensions transverse to the D5-branes. The solution at large N is shown to be given by a classical action for the D-string moving in a curved tendimensional spacetime. The four dimensions transverse to the D5-branes emerge from the quantum loops of the original strongly coupled quantum worldsheet field theory. By comparing with the Dirac-Born-Infeld plus Chern-Simons action for a D-string in a general type IIB background, we identify the string-frame metric, dilaton and Ramond-Ramond three-form field-strength and find a match with the near-horizon geometry of a stack of D5-branes.
Introduction
The AdS/CFT correspondence [1] [2] [3] and its generalizations (see e.g. [4, 5] for reviews and references) offer a framework in which, at least in principle, geometry and quantum gravity can be studied from ordinary quantum field gauge theories. In this framework, a d-dimensional field theory is postulated to be dual, in the large N limit, to a classical gravitational theory defined on a higher D > d dimensional curved spacetime. The D − d additional dimensions are emerging from strongly coupled quantum physics in the gauge theory. The study of the emerging geometry from the pure field theory point of view is unfortunately rather difficult in general. It requires to compute observables in the strong coupling regime of the field theory and to extract from them informations about the dual geometry.
Recently, it was proposed in [6] to focus on the field theory models describing the near-horizon worldvolume dynamics of a fixed number of D-branes, called the probe branes, in the presence of a very large number N of other D-branes, called the background branes. These models are pre-geometric, because they do not contain dynamical fields associated with the dimensions transverse to the background branes. According to the AdS/CFT lore, in the large N limit, they should be equivalent to classical worldvolume theories describing the motion of the probe D-branes in the ten dimensional supergravity solution sourced by the background branes. This nontrivial supergravity solution should thus emerge, alongside the transverse dimensions of space on which it lives, from the large N solution of the probe branes worldvolume model. Much more details on these ideas can be found in [6] [7] [8] .
The power of this approach is that it is easier to extract some strong coupling information from the large N probe brane models than from the large N background brane theories [6] : the latter are complicated matrix models, whereas the former are vector-like models. It is then possible to explicitly derive the emergence of space from a microscopic calculation in the strongly coupled vector-like worldvolume theory. In all the examples that have been studied so far [6, 7, 9] , the solution at large N can be described by a classical action matching the non-abelian D-brane action for the probe branes in the correct ten-dimensional curved background. The scalar fields associated with the emerging classical dimensions of space are composite variables in the original microscopic description whose quantum fluctuations are suppressed in the large N limit by the quantum loops of the vector variables.
The aim of the present work is to apply the above ideas to derive the emergent near-horizon geometry of a large number of D5-branes in type IIB string theory by studying the corresponding probe D-string worldsheet model. We start in Section 2 by presenting in details the relevant D-string microscopic pre-geometric worldsheet theory. We solve the model at large N in Section 3 and find that the solution is expressed in terms of a classical action which contains the right dynamical fields to describe the motion of the D-strings in a ten-dimensional background. In Section 4, we compare the expansion of this action around a flat worldsheet with the corresponding terms derived from the well-known Dirac-Born-Infeld plus Chern-Simons D-string action in arbitrary supergravity background. This allows us to identify the stringframe metric, dilaton and Ramond-Ramond three-form field-strength from a purely field theoretic calculation. The result matches perfectly the near-horizon supergravity solution sourced by the background D5-branes.
The D-string microscopic action
In principle, we need the action describing the dynamics of the open string modes of a system composed of a fixed number K of D-strings and a large number N of D5-branes, in an appropriate decoupling, near-horizon limit [10] . All the branes are chosen to be parallel to each other, and we work in the Euclidean. In particular, the model preserves eight supercharges and there is an SO(2) × SO(4) × SO (4) ′ global symmetry group corresponding to rotations in spacetime preserving the brane configuration: SO(2) is associated with rotations on the D-string worldsheet, SO (4) ′ with rotations on the D5-brane worldvolume transverse to the D-strings and SO(4) with rotations transverse to both the D-strings and the D5-branes.
This action could be studied by evaluating appropriate low-energy limits of open string disk diagrams with various boundary conditions. This is a very tedious and complicated procedure, which was performed in the case of the D(-1)/D3 system in [11, 12] . In our case, the result is a sum of a worldsheet action for the D-strings and a worldvolume action for the D5-branes, with couplings between the D-string and D5-brane degrees of freedom. However, the naïve action obtained in this way for the degrees of freedom living on the D5-branes would not be renormalizable and thus could be used only in the infrared. In other words, the full description of the D5-brane is not field theoretic. Fortunately, an explicit description of the D5-brane degrees of freedom and their couplings to the D-strings will not be required for our purposes. Indeed, due to supersymmetry, these couplings are not expected to contribute to the terms in the effective action on which we shall focus. A similar non-renormalization theorem was discussed in [13] in the case of D-particles. We refer to [6] for a detailed discussion of these issues in the case of the D(-1)/D3 system and to [14] for a general discussion in non-supersymmetric contexts.
We thus focus on the D-string worldsheet Lagrangian, without referring any longer to possible couplings to the D5-brane fields. The form of the Lagrangian is strongly contrained by (4, 4) supersymmetry and global symmetries. The simplest way to derive it is to proceed in two steps. First, we perform the dimensional reduction of the U(K) N = 1 gauge theory in six dimensions down to two dimensions. The theory must contain one hypermultiplet in the adjoint, corresponding to D1/D1 string degrees of freedom, and N hypermultiplets in the fundamental corresponding to the D1/D5 strings. Second, a suitable scaling limit must be implemented on this action, which corresponds to the correct low energy limit associated with the standard Mal-dacena near-horizon limit [1, 10, 15] . We present these two steps successively in the next two subsections.
Dimensional reduction from six to two dimensions
The six dimensional U(K) gauge theory has a spacetime symmetry group SO(6), R-symmetry group SU(2) + , internal symmetry group SU(2) − and flavor symmetry group SU(N). The field content is as follows. The vector multiplet is composed of the gauge potential A r , 1 ≤ r ≤ 6 and the gluino Λ α , which is a doublet of SU(2) + . The adjoint hypermultiplet contains the adjoint scalars a µ in the vector of SO(4) ∼ SU(2) + × SU(2) − and a fermionic doubletΛα of SU(2) − . The fundamental hypermultiplets contain SU(2) + scalar doublets (q α f ,q αf ) and Weyl fermions (χ f ,χ f ) in the fundamental and antifundamental of SU(N). The chirality of the Weyl spinors in the vector multiplet on the one hand and in the hypermultiplets on the other hand must be opposite.
After the dimensional reduction down to two dimensions, the six-dimensional spacetime symmetry group SO(6) yields the two-dimensional spacetime symmetry group SO(2) and a new global SO(4)
The fields of the sixdimensional theory are then reorganized into representations of SO (2) and SO (4) ′ , while their transformation laws under U(K), U(N), SU(2) + and SU(2) − are left unchanged.
More precisely, the six dimensional vector multiplet yields the two dimensional gauge field A I , four scalars φ m transforming in the vector representation of SO(4) (4) ′ . All these symmetry properties are summarized in Table 1 in the Appendix.
The (4, 4) supersymmetric Lagrangian resulting from the dimensional reduction can then be written as
We have introduced the usual complex worldsheet coordinates w andw, with associated covariant derivatives ∇ w = (∇ 1 − i∇ 2 )/2 and ∇w = (∇ 1 + i∇ 2 )/2. We have also introduced a self-dual auxiliary field D µν in the adjoint of U(K). This field allows us to write the quartic interactions between the scalars (a, q,q) in a simple way which will be useful for performing the scaling limit in the next subsection. The overall normalization as well as the constant term in the Lagrangian are fixed by the D-string tension, the string length being related to the fundamental string tension by ℓ 2 s = 2πα ′ .
The scaling limit
The scalar fields a µ and φ m in the worldsheet Lagrangian (2.1) are associated with the motion of the D-strings parallel and transverse to the D5-branes respectively. The corresponding coordinates are
To implement the standard decoupling, near-horizon limit [1, 10, 15] , we take ℓ s → 0 while keeping X µ , Y m /ℓ 
This Lagrangian will be our starting point for the probe D-string worldsheet theory.
It is important to emphasize that the scalar fields Y m are non-dynamical auxiliary variables in (2.3). Indeed, they do not have a kinetic term and could be trivially integrated out. However, as explained in the next Section, these fields become dynamical due to the quantum corrections and play a central rôle both in the mathematics and the physical interpretation of the solution of the model at large N [6] .
Solving the model at large N
We now solve the model defined by the Lagrangian (2.3) along the lines of [6, 7, 9] . The crucial property is that the fields (q,q, χ,χ) carry only one U(N) index and are thus vector-like variables. The large N path integral over these fields can then always be performed exactly, using standard techniques for large N vector models [16] [17] [18] [19] [20] . The idea is to rewrite the action by introducing suitable auxiliary fields, in order to make the vector variables appear only quadratically. In our case, the relevant auxiliary fields are precisely the variables (Y m , ψ αζ , ψ αζ , D µν ) which we have already included when writing (2.3). The path integral over the vector variables is then Gaussian. The result is an effective action for the auxiliary fields, which become dynamical through the quantum loops of the vector variables. Moreover, and most importantly, this effective action is automatically proportional to N because the vector fields have N components. At large N, it can thus be treated classically.
The resulting structure is thus perfectly consistent with the D-string seen as moving in a higher dimensional classical non-trivial background. Indeed, the fields Y m can be interpreted as the emerging coordinates which behave classically at large N and the metric on the emerging space will be related to the kinetic term for the Y m .
Let us now carry out this procedure explicitly for our model, mainly focusing on the case of a single D-string probe.
Integrating out
The effective action NS eff is given by
where S p is the action for the Lagrangian (2.3). In order to derive the emergent geometry, we can focus on the bosonic part of the effective action and thus set the fermionic fields ψ andψ to zero. Note, however, that computing the fermionic terms in the effective action could also be done straightforwardly. The integral (3.1) is Gaussian and yields
where the determinants ∆ q,q and ∆ χ,χ are given by
At large N, the field D µν is fixed in terms of the other variables by the saddle point equation
If we specialize to the case K = 1 of a single D-string probe, then the solution is simply D µν = 0. This follows from the vanishing of the linear term in D in the expansion of (3.3) around D = 0 or, equivalently, from the commuting nature of the X µ and SO(4) invariance. We thus get
The effective action up to cubic order
We are going to use (3.6) up to order three in an expansion in the field strength F IJ and around constant values of the coordinate worldsheet fields,
Eventually, we shall match NS eff up to this order in the next Section with the D-string action in a general type IIB background. The explicit computation of the expansion is straightforward. Let us introduce the radial coordinate r defined by
We write ln ∆ q,q = 2 ln det K B + 2 tr ln(
in terms of the bosonic and fermionic propagators
and with
We then expand the traces in (3.9) and (3.10) using
and compute the resulting one-loop Feynman integrals. At zeroth and first order, the contributions from the bosonic and fermionic determinants cancel each other and only the constant D-string tension term in (3.6) remains. At second and third order, we obtain a non-local effective action, which we write as a power series in derivatives by expanding the associated Feynman integrals for small external momenta. Overall, we get
where the · · · stand for terms of quartic or higher order and terms with more than two derivatives. Of course, the result is consistent with the symmetries of the microscopic theory discussed in Section 2.1, including the worldsheet parity which must come accompanied by a parity transformation in the directions y m .
The emergent background
The action for a D-string moving in a general type IIB supergravity background is the sum of a Dirac-Born-Infeld term and a Chern-Simons term [21, 22] ,
where the fields Φ, G, B, C 0 and C 2 are the dilaton, string-frame metric, KalbRamond two-form and Ramond-Ramond potentials respectively, F is the worldsheet field strength and P denotes the pull-back of the spacetime fields to the worldsheet. Working in the static gauge and writing the fields Z i , 1 ≤ i ≤ 8, corresponding to the coordinates transverse to the D-string worldsheet as
we can expand (4.1) in powers of ǫ i and F . Following the basic idea that underlies the present work as well as our previous studies [6, 7, 9] , this expansion should match with the similar expansion (3.16) of the effective action describing the solution of the large N microscopic model of the D-strings in the presence of the N D5-branes. Morevover, we should be able to derive the precise supergravity background sourced by the D5-branes from the coefficients in the expansion (3.16). Let us check that this is indeed the case. The zeroth order Lagrangian derived in this way from (4.1) reads
where the capital Latin indices 1 ≤ I, J, . . . ≤ 2 correspond as usual to the directions parallel to the D-string worldsheet. Matching with the microscopic result (3.16) and taking into account worldsheet parity invariance yields the conditions
Taking these constraints into account, the Lagrangian derived from (4.1) at first order in ǫ is, up to an irrelevant total derivative, 5) where the matrix E IJ is the inverse of G IJ + B IJ . Using the fact that L (1) = 0 in (3.16) and worldsheet parity, we get
The conditions (4.4) thus reduce to
Taking these results into account as well as the fact that G iI = 0 from ISO (2) invariance along the worldsheet, the second order Lagrangian derived from (4.1) then reads
where the matrixG IJ is the inverse of the two-by-two matrix G IJ . Comparing with (3.16) and using again parity invariance yields
and then
by using (4.7). Comparing the terms ∂ I ǫ i ∂ J ǫ j in (3.16) and (4.8), using (4.9) and the ISO(2) symmetry to fix B Ii = 0, we find
We thus find that the components G IJ and G µν match, which shows that the metric has the expected SO(6) isometry of the background sourced by D5-branes. We can continue the same analysis at third order. Using the constraints on the background that we have already derived, (4.1) yields the third order Lagrangian up to two derivative terms,
Matching with (3.16) and using the ISO(2) invariance and SO(6) isometry of the background, we then obtain
Overall, we have derived the following type IIB supergravity background 14) which perfectly matches with the well-known near-horizon geometry of N D5-branes [23] .
Spin (4) Spin ( We also have gauge group indices f, f ′ and i, j for U(N) and U(K) respectively. We often suppress these indices if there is no ambiguity.
The branes are located in R 10 according to Table 2 . We denote w I the two coordinates parallel to the D-strings and by (z i ) = (x µ , y m ) the coordinates transverse to the D-strings. We also define the radial coordinate r by 
A.2 Four-dimensional algebra
The standard Pauli matrices are taken to be We have the useful following identities for the computation of the effective action at second and third order:
tr(σ µσν σ ρσλ ) = 2(δ µν δ ρλ − δ µρ δ νλ + δ µλ δ ρν − ǫ µνρλ ) , (A.8) a µ 1 a µ 2 a µ 3 tr(σ µ 1σ ν 1 σ µ 2σ ν 2 σ µ 3σ ν 3 +σ µ 1 σ ν 1σ µ 2 σ ν 2σ µ 3 σ ν 3 ) = 4 a 2 (a ν 1 δ ν 2 ν 3 + a ν 2 δ ν 1 ν 3 + a ν 3 δ ν 1 ν 2 ) − 4a ν 1 a ν 2 a ν 3 , (A.9)
for any numbers a µ and where we set a 2 = a µ a µ and ǫ 1234 = +1.
